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The behavior of a massive salar partile on the spaetime surrounding a monopole is studied
from a quantum mehanial point of view. All the boundary onditions neessary to turn the
spatial portion of the wave operator self-adjoint are found and their importane to the quantum
interpretation of singularities is emphasized.
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I. INTRODUCTION
Classial singularities in general relativity are indi-
ated by inomplete geodesis or inomplete paths of
bounded aeleration [1℄. They are lassied into three
basi types : A singular point p in the spaetime is a
quasiregular singularity if no observer sees any physial
quantities diverging even if its world line reahes the sin-
gularity. A singular point p is alled a salar urvature
singularity if every observer that approahes the singular-
ity sees physial quantities suh as tidal fores and energy
density diverging. Finally, in a nonsalar urvature sin-
gularity, there are some urves in whih the observers ex-
periene unbounded tidal fores [2, 3℄. Beause the spae-
time is by denition dierentiable, points representing
singularities must be exluded from our manifold. The
geodesi inompleteness leads to the lak of preditabil-
ity of the future of a lassial test partile whih reahes
the singularity.
It is this lak of preditability that links lassial and
quantum singularity. Analogous to the lassial ase, we
say that a spaetime is quantum mehanially singular if
the evolution of a wave funtion representing a one par-
tile state is not uniquely determined by the initial state.
That is to say that we need a boundary ondition near
the singularity in order to obtain the time evolution of
the wave paket [4℄. An example of a lassial singular-
ity whih beomes nonsingular with the introdution of
quantum mehanis is the hydrogen atom. Solving the
Shrödinger equation for the Coulomb potential equa-
tion and imposing square-integrability of the solutions is
enough to obtain a omplete set of solutions whih span
L2(R3). Then the evolution of the initial wave paket
is uniquely determined. There are others examples of
lassially singular spaetimes that beome nonsingular
in view of quantum mehanis [4, 5℄. But, unfortunately,
there are muh more examples of spaetimes whih re-
main singular [2, 6, 7, 8℄.
In this paper we will study the spaetime of a global
monopole from a quantum mehanial point of view. We
believe that this will be the rst time that the ideas of
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Horowitz and Marolf [4℄ are applied to a non vauum so-
lution of Einstein equations, sine the metri of a global
monopole due to Barriola and Vilenkin [9℄ (deit of
a solid angle) represents a solution of the Einstein eld
equations with spherial symmetry with matter that ex-
tends to innity (loud of osmi strings with spherial
symmetry [10℄). This point will be disussed in the next
setion.
This paper is organized as follows: In Se. II we briey
review the spaetime of a global monopole. In Se. III
we explore the denition of quantum singularities and
present the riterion that will deide whether the spae-
time is quantum mehanially singular or not. In Se.
IV we use the methods desribed in Se. III to the ase
of the global monopole. Finally in Se. V we disuss the
impliations of the results of Se. IV.
II. THE METRIC OF A GLOBAL MONOPOLE
One of the preditions of the grand uniation theo-
ries is the arising of topologial defets. They are pro-
dued during the phase transitions in the early universe
and their existene is a very attrative senario for large
sale struture formation; see, for instane, [11, 12℄. The
most simple example of a topologial defet is the osmi
string; see, for instane, [13℄. This defet appears in the
breaking of a U(1) symmetry group and has the metri,
ds2 = −dt2 + dρ2 + α2ρ2dϕ2 + dz2. (1)
The fator α2 in the metri (1) introdues a deit an-
gle ∆ = 2pi(1 − α) on a spatial setion z = onst. This
metri is haraterized by a null Riemann-Christoel ur-
vature tensor everywhere exept on a line (z axis), where
it is proportional to a Dira delta funtion; see [14℄. The
energy-momentum tensor assoiated with (1) is
T tt = T
z
z =
(1− α)
4αρ
δ(ρ), (2)
i. e., for strings we have the equation of state: energy
density equal to tension.
Barriola and Vilenkin [9℄ onsidered a monopole as as-
soiated with a triplet of salar elds φa (a = 1, 2, 3)
given by
φa = ηf(r)xa/r, (3)
2with xaxa = r2 and η is the spontaneous symmetry
breaking sale.
Considering the most general stati metri with spher-
ial symmetry,
ds2 = −B(r)dt2 +A(r)dr2 + r2(dθ2 + sin2 θdφ2), (4)
and that outside the monopole the funtion f takes the
value 1, they obtain the solution of the Einstein equa-
tions,
ds2 = −dt2 + dr2 + α2r2(dθ2 + sin2 θdφ2), (5)
where α2 = (1 − 8piGη2).
Note that on the hypersurfae given by θ = pi2 , the
spaetime is onial [13℄ and geodesis on this surfae
behaves as geodesis on a one with angular deit ∆ =
2pi(1−α). This fat an mislead us to think that this is an
empty at spaetime with a topologial defet. But this
is not the ase, as we will see in the following paragraphs.
In a previous work [10℄, one of the authors found the
metri (5) following a ompletely dierent approah, the
searh of the metri assoiated with a loud of osmi
strings with spherial symmetry. This spaetime is not
isometri to Minkowski spaetime (as is the spaetime
surrounding a osmi string [13℄) sine we have a non
zero tetradial omponent of the urvature tensor,
Rθˆφˆθˆφˆ =
1− α2
α2r2
, (6)
nonvanishing everywhere, opposed to the urvature in the
spaetime of a osmi string, whih is proportional to a
Dira delta funtion with support on the string [14℄. The
spaetime around a monopole has a salar urvature sin-
gularity, sine all observers who approah the singularity
will see physial quantities, suh as tidal fores, diverging
[2℄. Note that the Rii salar is twie the value of Rθˆφˆθˆφˆ.
Despite the fat that the urvature tends to zero when
r → ∞, the spaetime of a global monopole is not
asymptotially at. The energy-momentum tensor Tµν
has only the omponents T tt = T
r
r = η
2/r2 that are
nonvanishing everywhere. A similar situation due to
the existene of losed timelike urves was disussed in
[15℄. In the present ase it arises due to the slow falling
o of T tt that has as a onsequene the divergene of
M(r) =
∫ r
0 T
t
t (r)r
2
dr as r→∞.
The Newtonian potential Φ = GM(r)/r dened in Ref.
[9℄ is onstant and sine the T tt omponent of the energy-
momentum tensor is given by T tt = η
2/r2, we haveM(r)
proportional to the distane r. But, in view of the Pois-
son equation, suh a onstant potential is inonsistent
with a nonvanishing density, as noted by Rayhoudhuri
[16℄. Sine T tt ∝ 1/r2 we have that the orret expression
for the potential is Φ ∼ ln r with gravitational intensity
∝ 1/r. So there is in fat a Newtonian gravitational fore
on the matter around the monopole [16℄.
It is lear that we an not interpret the metri (5) as
representing an isolated massive objet introdued into
a previously at universe. So it must be regarded as
a symmetri loud of osmi string, with all the string
forming the loud interset in a single point r = 0.
III. QUANTUM SINGULARITIES
Classial singularities an be interpreted via quantum
mehanis by using the denition of Horowitz andMarolf,
who onsidered a lassially singular spaetime as quan-
tum mehanially nonsingular when the evolution of a
general state is uniquely determined for all time [4℄; in
other words, that the spatial portion of the wave operator
is self-adjoint.
The wave operator for a massive salar eld is given
by
∂2Ψ
∂t2
= −AΨ, (7)
where A = −V Di(V Di) + V 2M2 and V = −ξµξµ, with
ξµ being a timelike Killing vetor eld and Di the spatial
ovariant derivative on a stati slie Σ. Let us hoose
the domain of A to be D(A) = C∞0 (Σ) in order to avoid
the singular points. In this way A is a symmetri pos-
itive denite operator, but this domain is so small, so
restritive that the adjoint of A, i.e., A∗ is dened on a
muh larger domain D(A∗) = {ψ ∈ L2 : Aψ ∈ L2} and
A is not self-adjoint. In order to transform the operator
A into self-adjoint one we must extend its domain until
the domains D(A) and D(A∗) are equal. If the extended
operator (A,D(A)) is unique [19℄ then A is said to be es-
sentially self-adjoint and the evolution of a quantum test
partile obeying (7) is given by
ψ(t) = exp(−itA1/2)ψ(0). (8)
The spaetime is said to be quantum mehanially non-
singular. Otherwise there is one spei evolution for
eah self-adjoint extension AE
ψE(t) = exp(−itA1/2E )ψ(0) (9)
and the spaetime is quantum mehanially singular.
The riterion used to determine if an operator is essen-
tially self-adjoint omes from a theorem by von Neumann
[17℄, whih says that the self-adjoint extensions of an
operator A are in one-to-one orrespondene with the
isometries from Ker(A∗ − i) to Ker(A∗ + i). We solve
the equations
A∗ψ ∓ iψ = 0 (10)
and ount the number of linear independent solutions in
L2. If there is no solution for the above equations, then
dim(Ker(A∗)∓i) = 0, and if there are no isometries from
Ker(A∗ − i) to Ker(A∗ + i), the operator is essentially
self-adjoint. Otherwise, if there is one solution for eah
equation (10), there is a one-parameter family of isome-
tries and therefore a one-parameter family of self-adjoint
extensions and so on.
3IV. QUANTUM SINGULARITIES ON THE
GLOBAL MONOPOLE BACKGROUND
From the metri (5) and the identity
Ψ = g−1/2∂µ
[
g1/2gµν∂ν
]
Ψ (11)
we have that the Klein-Gordon equation reads
∂2Ψ
∂t2
=
1
r2
∂
∂r
(
r2
∂Ψ
∂r
)
+
1
α2r2 sin θ
∂
∂θ
(
sin θ
∂Ψ
∂θ
)
+
1
α2r2 sin2 θ
∂2Ψ
∂ϕ2
−M2Ψ.
(12)
From (7) we nd
−A = 1
r2
∂
∂r
(
r2
∂
∂r
)
+
1
α2r2 sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
+
1
α2r2 sin2 θ
∂2
∂ϕ2
−M2Ψ
(13)
and the equation to be solved is
(A∗ ∓ i)ψ = 1
r2
∂
∂r
(
r2
∂ψ
∂r
)
+
1
α2r2 sin θ
∂
∂θ
(
sin θ
∂ψ
∂θ
)
+
1
α2r2 sin2 θ
∂2ψ
∂ϕ2
+ (±i−M2)ψ.
(14)
We shall losely follow Se. III of Ref. [6℄, where an illus-
trative example of a at spaetime with a point removed
(texture) is studied.
By separating variables, ψ = R(r)Y ml (θ, ϕ), we get the
radial equation
d2R(r)
dr2
+
2
r
dR(r)
dr
+
[
(±i−M2)− l(l + 1)
α2r2
]
R(r). (15)
Let us rst onsider the ase r =∞. The above equa-
tion takes the form
d2R(r)
dr2
+
2
r
dR(r)
dr
+ (±i−M2)R(r) = 0, (16)
whose solution is
R(r) =
1
r
[C1e
βr + C2e
−βr], (17)
where
β =
1√
2
[
(
√
1 +M4 +M2)1/2 ∓ i(
√
1 +M4 −M2)1/2
]
.
(18)
Obviously, solution (17) is square-integrable near inn-
ity if and only if C1 = 0. Then the asymptoti behavior
of R(r) is given by R(r) ∼ 1r e−βr.
Near r = 0, Eq. (15) redues to
d2R(r)
dr2
+
2
r
dR(r)
dr
− l(l + 1)
α2r2
R(r) = 0, (19)
whose solution is R(r) ∼ rγ , where
γ =
−1±
√
1 + 4 l(l+1)α2
2
. (20)
For γ = − 12 + 12
√
1 + 4 l(l+1)α2 the solution R(r) ∼ rγ is
square-integrable near r = 0, that is,
∫
onstant
0
|rγ |2r2dr <∞. (21)
And for γ = − 12 − 12
√
1 + l(l+1)α2 we have
∫
ontant
0
|rγ |2r2dr =
∫
ontant
0
r
1−
q
1+4 l(l+1)
α2 dr. (22)
Therefore in order for rγ be square integrable we have
that
1−
√
1 + 4
l(l+ 1)
α2
> −1 (23)
and
l(l+ 1) <
3
4
α2. (24)
This ondition is satised only if l = 0. In fat, the mode
R0(r) does not belong to L
2(R3) beause ∇2(1/r) =
4piδ3(r). But, we have a physial singularity at r = 0
so r = 0 /∈ Σ and R0(r) is an allowed mode. Then near
origin we have
R0(r) = C˜1 + C˜2r
−1
(25)
and we an adjust the onstants in Eq. (25) to meet
the asymptotial behavior R0(r) ∼ e−βr [20℄. There is
one solution for eah sign in Eq. (10), so there is a one-
parameter family of self-adjoint extensions of A.
In order to better understand this result, let us solve
exatly equation (12) using a separation of variables of
the form
Ψ(t, r, θ, ϕ) = e−iωtR(r)Y ml (θ, ϕ). (26)
For the radial equation we have
r2R′′(r) + 2rR′(r) + [(k2r2 − l(l+1)/α2]R(r) = 0, (27)
where k2 = ω2 −M2. By doing u ≡ kr we nd
u2R′′(u) + 2uR′(u) + [u2 − l(l+ 1)/α2]R(u) = 0. (28)
And dening Z(u) by
R(u) =
Z(u)
u1/2
, (29)
we get
Z ′′(u) +
1
u
Z ′(u) +
{
1− 1
4u2
[
1 + 4
l(l+ 1)
α2
]}
Z(u) = 0
(30)
4whih is the Bessel equation of order δl,
δl =
1
2
√
1 + 4
l(l+ 1)
α2
. (31)
Therefore the general solution of Eq. (27) is
Rω,l,m(r) = A
Jδl(kr)√
kr
+ B
Nδl(kr)√
kr
. (32)
Let us analyze the square-integrability near r = 0 of eah
one of the funtions appearing in the above equation.
The Bessel funtions are always square-integrable near
the origin, i.e.,
∫
onstant
0
∣∣∣∣Jδl(kr)√kr
∣∣∣∣
2
r2dr <∞. (33)
The behavior of the Newmann funtions near the origin
is given by Nν(x) ∝
(
2
x
)ν
. Therefore,
∫
onstant
0
∣∣∣∣Nδl(kr)√kr
∣∣∣∣
2
r2dr ∼
∫
onstant
0
r−2δl+1 (34)
so that
− 2δl + 1 > −1⇒ δl < 1⇒
√
1 + 4
l(l+ 1)
α2
< 2⇒ l = 0
(35)
in order to be square integrable.
Therefore, for l 6= 0 square integrability sues to de-
termine uniquely solution (32), while for l = 0 we need an
extra boundary ondition. To nd this extra boundary
ondition, let us dene G(r) = rR0(r). Then Eq. (27)
with l = 0 beomes
d2G(r)
dr2
+ k2G(r) = 0. (36)
The boundary ondition for the above equation is sim-
ple (see Refs. [6℄ and [18℄) and it is given by
G(0)− aG′(0) = 0. (37)
Therefore G(r) we have
G(r) ∝


cos kr +
1
ak
sin kr a 6= 0
cos kr a = 0
(38)
The general solution of Eq. (12) is
Ψa =
∫
dωe−iωt
∞∑
l=0
l∑
m=−l
C(ω, l,m)Rω,l,m(r)Y
m
l (θ, ϕ),
(39)
with
Rω,l,m =
Jδl(kr)√
kr
l 6= 0 (40)
and
Rω,0,0(r) =


cos kr
r
+
1
ak
sin kr
r
a 6= 0
cos kr
r
a = 0
(41)
V. DISCUSSION
In the previous setion we found [Eq. (41)℄ a one-
parameter family of solutions of Eq. (12), eah one or-
responding to a determined value of a ∈ R. The theory
does not tell us how to pik up one determined solution,
or even if there exists suh a distinguished one. Any solu-
tion is as good as the others, so the spaetime of a global
monopole (or of a loud of strings with spherial symme-
try to be more preise) remains singular in the view of
quantum mehanis. The future of a given initial wave
paket obeying the Klein-Gordon equation is unertain,
as well as it is unertain of the future of a lassial par-
tile whih reahes the lassial singularity in r = 0.
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